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DYNAMICS AND IDENTIFICATION OF FLEXIBLE  AIRCRAFT 

William R .  Wells 
Un ive r s i ty   o f   C inc inna t i  

INTRODUCTION 

The p r a c t i c a l   n e c e s s i t y   o f   r e m o v i n g   a l l   e x c e s s i v e   s t r u c t u r a l  

we igh t   t h rough   e i the r   conven t iona l   des ign   p rac t i ces  or a n   a c t i v e  

ae rodynamic   con t ro l   sys t em,   has   r e su l t ed   i n   veh ic l e s   t ha t   a r e  more 

a e r o e l a s t i c .  However, most ex is t ing   parameter   es t imat ion   methods  

used i n   t h e   s t u d y   o f   t h e   s t a b i l i t y  and  control   and  handl ing  proper-  

t i e s  of t h e   a i r c r a f t   s t o p   s h o r t   o f   e x p l i c i t y   i d e n t i f y i n g   i m p o r t a n t  

a e r o e l a s t i c   p a r a m e t e r s   t h a t   a f f e c t   t h e   a i r c r a f t   d y n a m i c s .   P r e v i o u s l y ,  

s t r u c t u r a l  motion was c o n s i d e r e d   a s   p a r t  of the  measurement  noise and  

f i l t e r e d   r a t h e r   t h a n  modeled  dynamically. 

The purpose   o f   th i s   paper  i s  twofold: (1) t o  p r e s e n t ,   i n   d e t a i l ,  

a deve lopmen t   o f   t he   equa t ions   o f   mo t ion   fo r   an   e l a s t i c   a i r c ra f t  i n -  

d i c a t i n g ,  when a p p r o p r i a t e ,   t h e   d i f f e r e n c e   a n d   s i m i l a r i t i e s   w i t h   t h e  

dynamics   o f   the   r ig id   a i rp lane ,  (2) d i s c u s s   t h e   a d d i t i o n a l   c o m p u t a t i o n a l  

d i f f i c u l t i e s   d u e  t o  t h e   i n c l u s i o n   o f   a d d e d   s t a b i l i t y   d e r i v a t i v e s  

a r i s i n g  from c o n s i d e r a t i o n   o f   a e r o e l a s t i c   e f f e c t s .  

EQUATIONS  OF MOTION 

Rigid Body Motion 

The f i r s t  set of   equa t ions  t o  be  obtained are t h e   " r i g i d  body 



e q u a t i o n s   o f   m o t i o n "   f o r   t h e  elastic a i rp lane .   These  r e s u l t  from t h e  

appl icat ion  of   Newton 's  laws of motion t o  t h e   a i r c r a f t  a s  a whole  and 

d e s c r i b e   t h e   m o t i o n   o f   t h e   a i r c r a f t   c e n t e r   o f  mass r e l a t i v e  t o  an 

i n e r t i a l  system. 

Consider   the  e lemental  mass and  surface area shown i n   F i g u r e  1. 

The e x t e r n a l l y   a p p l i e d   f o r c e s   a c t i n g   o n   t h e s e  are a body f o r c e ,  - R I  

and a s u r f a c e   f o r c e  E. The body f o r c e  w i l l  be  assumed t o  be   g rav i -  

t a t i o n a l  and t h e   s u r f a c e  force aerodynamic. The t h r u s t  and c o n t r o l  

sur face   forces   can   be   added   independent ly   a f te r   the   equat ions   a re  

fo rmula t ed   unde r   t he   a s sumpt ion   t ha t   t hese   quan t i t i e s   do   no t   con t r i -  

bu te  t o  t h e  e las t ic  d e f o r m a t i o n   o f   t h e   s t r u c t u r e .   I n   t h i s   f i g u r e  I r 
i s  t h e   l o c a t i o n   o f   t h e  mass e l e m e n t   r e l a t i v e  t o  t h e   c e n t e r   o f  mass 

b e f o r e   t h e   a i r c r a f t   d i s t o r t s   a n d  d_ r e p r e s e n t s   t h e   e l a s t i c   d i s p l a c e m e n t  

of the  p a r t i c l e   d u e  t o  d i s t o r t i o n .  

- 

Conservat ion  of   l inear   and  angular  momentum d i c t a t e   t h a t   t h e  

fo l lowing   equat ions  

V 

b e   s a t i s f i e d :  

V V S 

where V and S r e f e r  t o  volume  and s u r f a c e   q u a n t i t i e s   r e s p e c t i v e l y .  

The time rate  of   change   of   the   vec tors   in   the   l e f t -hand   s ides   o f  

equa t ions  (1) - ( 2 )  are r e l a t i v e   t o   t h e   i n e r t i a l   e a r t h   f i x e d   s y s t e m .  

2 



\R(Body force) dS 

Figure 1. - Definition of axis  systems used to describe  the  aircraft 
deformation. 

3 



I f   t h e  vector 5' i s  r ep laced  by fl;, + r i n   e q u a t i o n  (1) t h e  

r e s u l t  is  

The c e n t e r   o f  mass is  l o c a t e d  by the vec to r  

and 

These r e s u l t s   a l l o w   e q u a t i o n  (I), t h e   l i n e a r  momentum equat ion ,  t o  be  
expressed  as 

M - -  d c - [ F d S + M y  
dt s 

where 

4 



S i m i l a r l y ,   e q u a t i o n  ( 2 )  can  be w r i t t e n   i n   t h e   f o r m  

d% d w  
d r  

S X  1" - M p - I F d S ] + ~ $ p r x ~ d V = / r X F d S  
- 

S V S 

The bracke ted  term i n   t h i s   e q u a t i o n   v a n i s h e s   d u e  t o  equa t ion  ( 3 ) ;  

consequen t ly ,   t he   conse rva t ion   o f   angu la r  momentum equa t ion   r educes  

t o  

A t  t h i s   p o i n t   i n   t h e   d e v e l o p m e n t  it is  o f   i n t e r e s t   t o   n o t e  how 

coupl ing  between  the e las t ic  deformat ion   and   r ig id  body  motions  occurs. 

I n   e q u a t i o n s  ( 3 ) - ( 4 )  both vectors and E depend  on the   shape   of   the  

a i r c ra f t  and,  hence, upon the   e l a s t i c   de fo rma t ion   r ep resen ted   by  g. An 

o b j e c t i v e  of t h e   a n a l y s i s  i s  t o  minimize, as  much as p o s s i b l e ,  t h i s  

coup l ing   w i thou t   s ac r i f i c ing   accu racy .  

Next ,   equat ions (3) - ( 4 )  w i l l  b e   w r i t t e n   i n  terms of v e l o c i t i e s  

a n d   a c c e l e r a t i o n s   r e l a t i v e  t o  t h e  body ax i s   sys t em which t r a n s l a t e s  

and rotates r e l a t i v e  t o  t h e   i n e r t i a l   s y s t e m   w i t h   a n g u l a r   v e l o c i t y  E. 

The r e a s o n   f o r   d o i n g   t h i s  i s  t o  i l l u s t r a t e   t h e   s i m i l a r i t y  of t h i s  

overa l l   mot ion  o r  ax is  system  motion t o  t h e   m o t i o n   o f   t h e   r i g i d  a i r -  

c r a f t  and t o  i n d i c a t e  how elast ic  e f f e c t s  are t r e a t e d .  

If - and ( ) r e p r e s e n t   t h e  rate o p e r a t o r s  as measured i n   i n -  d 
d t  

e r t i a l  and  body axis  sys t ems ,   r e spec t ive ly ,   t hen  

5 



dr  . 
E - -  - r + o x ~  

F u r t h e r ,  l e t  

l r x F d S = M x i + M i + M Z k  " 

S Y 

where if 1, and k are u n i t   b a s e   v e c t o r s  i n  t h e  body f ixed   ax i s   sys t em.  - - 
I n  scalar f o r m ,   t h e   l i n e a r  momentum equat ions   (Equat ion  ( 3 ) )  are 

w r i t t e n  as 
MG + M(QW-RV) = -Mgsine + Fx 

MV + M (RU-PW) = Mgcosesing +F 
Y 

& + M(PV-QU) = Mgcosecosg + FZ ( 5 )  

I t  c a n   b e   s e e n   t h a t   i n   t h e s e   e q u a t i o n s , t h e   r i g i d  body  motion and e las t ic  de- 

formations are dynamical ly   uncoupled;   that  is ,  t h e  effects of e las t ic  defor-  

m a t i o n   e n t e r   t h e   e q u a t i o n s   o n l y   i n   t h e   r i g h t - h a n d   s i d e   t h r o u g h   t h e  

a p p l i e d   f o r c e  terms. 

The angular  momentum equat ion,   f rom  equat ion 4 ,  can   be   r ewr i t t en  

as  

6 



where the i d e n t i t i e s  i=i and M, = I r x dS have  been  used. Note 

t h a t   t h e   r i g i d  body motion  and elastic deformation are dynamical ly   coupled  in  

t h i s   e q u a t i o n   d u e  to  the   p re sence  of E and & i n   t h e   l e f t  hand s i d e  

of   the   equat ion .  

S 

The dynamic  coupling  expressed i n  equa t ion  (6) can  be e l imina ted  

by t h e  adopt ion   of  t w o  approximat ions :   the  r a t e  of e las t ic  displacement  

is  slow r e l a t i v e  t o  t h e   v e l o c i t y  0 x 5 and  the  t o t a l  angu la r  momentum 

about  t h e  cen te r   o f  mass o f   t h e   d e f o r m e d   a i r c r a f t   c a n   b e  computed wi th  

- r = g as  i f  t h e  a i r c r a f t  is undeformed. 

The f i rs t  approximation assumes t h a t  I g x d V  = 0 which is 
V 

a l so  an   approximat ion   cons is ten t   wi th   the   normal  mode method t o  be 

d i scussed  la te r .  T h i s  allows t h e   a n g u l a r  momentum e q u a t i o n   t o   b e  

w r i t t e n  as  

” 

The second  approximation, = fl allows t h e   a n g u l a r  momentum 

equa t ions  t o  be w r i t t e n   i n  terms of moments o f   i n e r t i a   o f   t h e   j i g  

shape  and allows equa t ion  (7) t o  be w r i t t e n  as  

For a c o n s t a n t  mass, symmetric a i r c r a f t   w i t h   t h e  x y z a x i s  as  

p r i n c i p a l   a x e s ,   E q u a t i o n  ( 8 )  can be e x p r e s s e d   i n  scalar form as 

7 



Ixx P - Ixz R - Ixz P Q + (Izz - Iyy) R Q = MX 

I + (Ixx - Iz,) P R + Ixz (P2 - R ) = M 2 
YY Y 

I Z Z  
ii - Ixz + + ( I  - 

YY Ixx) P Q + Ixz Q R = M Z  

I n   e i t h e r   e q u a t i o n  ( 8 )  or  ( 9 )  it is  n o t e d   t h a t   t h e   e f f e c t s   o f  

e l a s t i c i t y   e n t e r   t h r o u g h   t h e   a p p l i e d  moments. 

Equations ( 5 )  and ( 9 )  can   be   expressed   in  terms of   per turbed  

s t a t e  v a r i a b l e s   u ,  r ,  w, p ,   q ,  etc. from a r e f e r e n c e   f l i g h t   c o n d i t i o n  

'U1, Vlt W1, P1, Q1, etc.  For   s ake  of b rev i ty ,   t he   pe r tu rbed   fo rm of 

e q u a t i o n s  (10 )  and (11) are p r e s e n t e d  for  t h e  special reference  con-  

d i t i o n s  of ze ro  r o l l  (P1 = 0 )  and level  f l i g h t  (wl  = 0 )  a s  

M i  + M(Q1w - R1v - V l r )  + Mge cosel = fx 

M G  + M ( R  1 u + V l r )  + Mg(BsinBlsin+l -dp c o s e l c o s ~  ) = f 

Mw + M(V1p - Q1u - U l q )  + Mg(esinelcos+l + d  cos-91sin+l) = f z  

P 

P 1 Y 
(10) 

P P 

Ixxb - Ixz; - Ixz QIP + ( Izz  - I YY 1 (Qlr + R1q) = mx 

Iyyq - 21xz R l r  + ( I  xx - Izz) R ~ P  = m 

Izzr - Ixzp  + Ixz (Qlr + R1q) + ( I  - 
Y 

YY Ixx) Q1p = mz 

I n   e q u a t i o n s  (10) - ( 1 1 1 ,  t h e   q u a n t i t i e s   w i t h   s u b s c r i p t  "1" r e f e r  

t o  r e f e r e n c e   v a l u e s   a n d   t h e   q u a n t i t i e s   I f x ,  f fZ), (mx, 
Y'  my' mZl 
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r e f e r   t o   p e r t u r b e d   v a l u e s   o f   t h e   e x t e r n a l l y   a p p l i e d   f o r c e s   a n d  

moments r e spec t ive ly .  

Equations (10 )  - (11) represent   the   uncoupled   equat ions   o f  

per turbed   mot ion   in  body a x e s   o f   a n   e l a s t i c   a i r p l a n e   c o n s i s t e n t  w i th  

the  assumptions  necessary t o  achieve  decoupling. They a r e   t o   b e  

cons ide red   fu r the r   i n   ano the r   s ec t ion .  

E l a s t i c  Body Motion 

I n   a d d i t i o n   t o  t h e  s i x   e q u a t i o n s   f o r  the r i g i d  body  motion f o r  

t he  body axis   system, there e x i s t  3n equations  of  motion  which reflect  

the   i n t e rna l   equ i l ib r ium  o f  the n  lumped masses  making up t h e  t o t a l  

a i r c r a f t  mass. Here, it i s  conven ien t   t o   i n t roduce   i n f luence   coe f f i -  

c i en t s   i n to   t he   ana lys i s   wh ich   a r e   ob ta ined  from  a s o l u t i o n   o t   t h e   N a v i e r  

e q u a t i o n s   o f   e l a s t i c i t y .   T h i s   r e q u i r e s  tha t  w e  cons ider  the deformations 

d! measured r e l a t i v e   t o  a coord ina te  system (x, y, z )  wi th   o r ig in   f i xed  

t o  a p o i n t  Po coinc ident  w i t h  t h e  loca t ion   of  t he  a i r c r a f t   c e n t e r   o f  

mass before   deformation (see f i g u r e  2 ) .  A f t e r  deformation, t h i s  p o i n t  

t r a n s l a t e s  a d i s tance   g iven  by t h e   v e c t o r  d r e l a t i v e   t o  the  cen te r   o f  

mass  which i s  assumed to   have  i ts  p o s i t i o n   u n a l t e r e d  by e las t ic  defor -  

mation. The coord ina te   sys t em  f ixed   t o   po in t  Po a l s o   r o t a t e s   t h r o u g h  

an angle  which  can be represented  by a r o t a t i o n   v e c t o r  relative t o  

t h e   i n i t i a l   o r i e n t a t i o n   o f   t h e   c o o r d i n a t e   s y s t e m   b e f o r e   d e f o r m a t i o n  

o r   l oad ing .  Then, the deformation Cli measured r e l a t i v e   t o  a co- 

ord ina te   sys tem X Y Z w i t h   o r i g i n   f i x e d  a t  t h e   c e n t e r   o f  mass of 

t h e  deformed aircraft P, cons is t s   o f   the   deformat ion  cli measured i n  t h e  

x, y, z sys t em  in   add i t ion  t o  t h e   t r a n s l a t i o n  d and r o t a t i o n  €& x gi. 

"1 

-0 

... 
-0 
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Y 
Pi ( loca t ion   o f  m a f t e r   d e f o r m a t i o n )  i 

Y 

P i  ( l oca t ion   o f   po in t  Pi a f t e r  
deformation)  

1 do 
I d. 

- 
do ”1 I 

+ d!  
-1 

Pi ( l o c a t i o n   o f   a r b i t r a r y   p o i n t  P 
-1 p r i o r   t o   d e f o r m a t i o n )  i 

X 
P,  cen te r   o f  mass 
Po ( p r i o r   t o   d e f o r m a t i o n )  

Figure 2 .  - Vector  Diagram i l l u s t r a t i n g   r e l a t i o n s h i p   o f  Cii t o  Cii 
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That is, 
-. 

d = d! + % + x si , ( i= l ,2 , . . . n )  "i -1 

- 
where gi is  t h e   l o c a t i o n   o f   t h e   i t h   p a r t i c l e   r e l a t i v e  t o  the  c e n t e r  

of  mass before   deformat ion .  i t  

The d i s p l a c e m e n t   f i e l d  d-1 is l i n e a r l y   r e l a t e d   t o  t h e  a p p l i e d   f o r c e  

f i e l d  Qi ( c o n s i s t i n g  of ine r t i a l ,   g rav i t a t iona l ,   and   ae rodynamic  forces) 

f o r  e las t ic  deformat ions   which   sa t i s fy  a l i n e a r   s t r e s s - s t r a i n   r e l a t i o n -  

s h i p   ( r e f e r e n c e  1).  That is, 
n 

c o e f f i c i e n t s   a s s o c i a t e d   w i t h  

a re   exp res sed   acco rd ing  
i j  

where n is  t h e  number of lumped masses  and Fij i s  a d y a d i c   o f   s t r u c t u r a l  

t h e  mass p a i r  mi, m The  components of 

to  
j' 

The physical  meaning of a t y p i c a l   c o e f f i c i e n t  C i s  t h a t  it 

r e p r e s e n t s   t h e  component  of  displacement of t h e   i t h  lumped mass i n  

t h e  x d i r ec t ion   due  t o  a u n i t  force i n   t h e  y d i r e c t i o n  a t  t h e  j t h  

lumped mass. 

x y i  j 
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I 

IC1 = 

where 

The r e s u l t   e x p r e s s e d  by equat ion   (13)   can   be   rewr i t ten  as 

Cd’l = [c l IQl ,   where  

I d ’ ]  = [ d i l t  d’ d i l l  dA2, d ’  d i 2 ,  ... d’  ] 

T 

T 
Y l  Y 2 I  zn 

{QI  = [Qxlt Qylt Q,,t Qx2t Qy2t Q , 2 r . . . Q z , I  

c i j  - - 

‘12 ’ 

‘22 

‘n2 

S u b s t i t u t i o n   f o r  di f rom  equat ion   (13)   in to   equat ion  ( 1 2 )  

r e s u l t s   i n   t h e  e las t ic  d i s p l a c e m e n t   f i e l d   m e a s u r e d   r e l a t i v e   t o   t h e  

c e n t e r  of mass of t h e   a i r c r a f t  

n 
di - % + x zi + 1 Fij ’ Q .  

“ - 
I ( i = 1 , 2 , .  . .n)  

j= l  ”3 

where 

d rj 2 

d t 2  
Qi - -m. ( - - - 

1 P) + Pi ( i = 1 , 2 , .  . .n) 
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I n   e q u a t i o n s  , (16)  - ( 1 7 ) ,  i s  t h e   p o s i t i o n   v e c t o r  re la t ive t o  an  

i n e r t i a l   s y s t e m   ( f i g u r e  1) of  t h e  i t h  mass p a r t i c l e  a f t e r  deformation 

has   occurred  and 

I n   o r d e r  

equat ion   (16)  

t o  

w e  

Fi i s  t h e   a e r o d y n a m i c   f o r c e   a c t i n g   o n   t h i s   p a r t i c l e .  

develop a s y s t e m   o f .   d i f f e r e n t i a l   e q u a t i o n s  from 

m u s t   e x p r e s s   t h e   a c c e l e r a t i o n   i n  terms o f   r i g i d  
2 

atz 
body quant i t ies   (cen ter   o f   mass   mot ion)  as  w e l l  as  e las t ic  d i s p l a c e -  

ments.   Since r '  = + ri + di, where $ is t h e   p o s i t i o n   v e c t o r  to  t h e  

c e n t e r  of mass r e l a t i v e  t o  t h e   i n e r t i a l   s y s t e m ,  w e  have 

I 

"i 

2 2 2 

dt2 = dt2 d t 2  
+ -  d (li + gi) 

- 
- " d% d d(ri + d . )  

d t  dt' dt "1 1 

which f u r t h e r   r e d u c e s   t o  

... - 

I n   e q u a t i o n   ( 1 8 1 ,   t h e   a c c e l e r a t i o n s  0 x di and w x Iw x I - - 
are assumed small compared t o  t h e   o t h e r  terms which make up t h e   a b s o l u t e  

a c c e l e r a t i o n   o f   p a r t i c l e  mi. Anothe r   s imp l i f i ca t ion  is r e a l i z e d  by 

13 



. .., .., 
computing  the  acceleration E x (r + d . )  as 0 x gi which  utilizes 

the  small  elastic  deformation  assumption.  These  simplifications 

allow  equation (18) to be  written as 

-i -1 

which  results  in  a  value  of Qi approximated as 

Q~ r: gi + m.p - m. IV + x I& + x ri + d.1 
1 l-c (20) --I 

The  governing  equation  €or  the  elastic  displacement  field  is  then 

- 
d . = d   + % x g i  
-1 "0 

n - 
+ 1 Fij I F .  + m.p - m.(V + w x 5 + 0 x r. + gj)] (21) 
j=l -7 7 3 - c  - -7 

To  be  consistent  with  the  previous  rigid  body  results  (equations 

(10) - (11)) we  now  will  write  the  equations  in  their  perturbed  form: 
that  is,  we  let 

-1 -1i -pi F . = F  + F  

-i d = gli + %i 

v = v  + v  
-c -cl -cP 
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where t h e  s u b s c r i p t s  "1" and "p" deno te   s t eady- s t a t e  or  nominal  values 

and   pe r tu rbed   va lues ,   r e spec t ive ly .   I so l a t ion  of nominal  and  perturbed 

v a l u e s   i n   e q u a t i o n  ( 2 0 )  r e s u l t s   i n   t h e   p e r t u r b e d   f o r c e  

Q+ = %i + m i  sp - m  i V - c p  - m i ~ p ~ G 1  

- mi o1 x V - $i mi - mi cop x gi , ( i = l , 2 , . . . n )   ( 2 3 )  
-P 

T h i s   r e s u l t  is f u r t h e r  expanded i n t o  component form through t h e  u s e  

of t h e   r e l a t i o n s  

%1 = U l i  + V l i  + Wl& 

-1 
w = Pli + Qli + R k 1- 

r .  = x . i  + y . i  + z . k  , ( i = 1 , 2 , .  . .n)  
.. ." I - 
-1 1- 1 1- 

v = u i  + vj- + wk 

%l 

-CP 

= p i  I + q i  + rk  
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where i, k are  unit  base  vectors  in  the  principal  body  axis  system. 
Substitution  from  equation  (24)  into  equation (23) results  in 

I 0 0 0  

- m i  0 0 0  

0 0 0  

0 

-gcose 1 
gsint$lcose 1 

-gc0se1 

gsinOlsin@l 

gsinelcos+ 1 :I 0 
(i=1,2,. . .n) (26 1 
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['m J = 

m 1 
m 1 
ml 0 
m 2 

m2 
m2 

0 'm n 
m n 
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rb1 = 

IM1l = 

’ “  -, 
1 0 0 0 z1 -yl 

0 t 0 -zl 0 x1 

0 0 1 y1 -x1 0 

”””””””” ., “ 

1 0 0 0 a2 -y2 

0 1 0 -z2 0 x2 
-. I 

0 0 1 y2 - x 2  0 

”””””””” 

1 0 0 0 2,  -y, 

0 1 0 -2, 0 xn 

0 0 1 y, -x* 0 

R1 0 -P1 -W 0 1 “1 
’Q1 P1 0 V1 -U1 0 

0 0 0 0 0 0  

0 0 0 0 0 0  

0 0 0 . 0  0 0 

18 
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0 0 0  0 -gco s e 1 
0 0 0 - g c o s e l c o s ~   g s i n e   s i n + l  1 0 

0 0 0 gs ing  cose 

0 0-0 0 0 0 
1 1 gsinelcost#l o IM,3 = 

I 0 0 0  0 

0 0 0  0 

0 

0 " J  0 

The matrices ['m .] and [F] a r ' e   r e f e r r ed  t o  as  t h e   d i a g o n a l  mass ma t r ix  

a n d   r i g i d  body mode shape   ma t r ix ,   r e spec t ive ly .  

Fu r the r ,  i f  w e  combine the v e c t o r s  d+, and €I+, i n t o  a v e c t o r  

I B )  = Idxo I d yo, dZOt  e x o r  e e Z o l T ,  w e  can   expres s   t he  e las t ic  

d i s p l a c e m e n t   f i e l d  from equa t ion  ( 1 6 )  as  

I n  terms of p e r t u r b e d   q u a n t i t i e s ,  w e  have 
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The  vector IB 1 can  be  eliminated  from  the  analysis  by  assuming 
P 

the  mean  body axis  system  coincides  with  the  principal  axes  system. 

According  to  Milne  (references 2 ,  3),  the  mean axis system  is 

defined  by  the  equations 

n 
-, 1 mi ri x gi = o 

i= 1 

and 
n 

1 m d = O  i -i i= 1 
(39) 

or  equivalently 

Then, the  perturbation  in  elastic  displacement  also  satisfies  this 

relationship  or 

191  I'm,] Idp) = 0 
"T 

Equations ( 3 8 )  - (39) state  that  the  deformation  motion  has  zero 
linear  and  angular  momentum  relative  to  the  body  axis  system. 

Ashley  (reference 4 )  interprets  the  assumption  of  equations ( 3 8 )  - 
(39) as  a  statement  that  the  overall  motion of the  body  is  described 

by a set  of  principal axes for  the  deforming  body. 

If  both  sides of equation  (37b)  are  premultiplied  by  the  matrix 

[FIT ['m ,I , the  result  is 

20 



from which {B 1 can  be  solved for as P 

{BPI = -[MI 101 t'm.1 tcl IQpl -1 - T 

where 

[MI = [TI T ~ - m , ~  r 8  (43) 

S u b s t i t u t i o n  of IB 1 from equa t ion  ( 4 2 )  in to   equat ion   (37b)   g ives  
P 

If IQ 1 from  equation ( 2 7 )  is  s u b s t i t u t e d   i n t o   e q u a t i o n  ( 4 4 ) ,  

we  f i n d   t h a t  t h e  p e r t u r b a t i o n  e las t ic  d i s p l a c e m e n t   f i e l d  sat isf ies  

t h e   d i f f e r e n t i a l   e q u a t i o n  

P 

I t  is  p o s s i b l e  t o  e x p r e s s   t h e   e q u a t i o n   f o r  Id 1 i n  terms of t h e  

s t i f f n e s s  matrix [Kl11 = IC]-' by s u b s t i t u t i o n  of I Q  1 from  equation 
P 

P 



(27 )  into  the  expression for  id 1 as expressed by equation  (37b). 

This  results  in 
P 

Again,  we  wish  to  eliminate iB 3 from  equation ( 4 7 ) .  This  can 
P 

be  accomplished  by  the  following  operations. First, premultiply 

both  sides of equatioh (47 )  by  IKl11 = [Cl-l  to get 

Note  that  the  rigid  body  perturbation  equations  expressed  by  equations 

(10) and (11) can be  written as 

Also  note  that [ # I  I'm,lfdp~ = 0 since 1 4 3  ['m,] id 3 = 0. "T  "T 
P 
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These t w o  r e s u l t s   r e d u c e   e q u a t i o n  (48)  t o  the form 

from  which {B 1 is  solved f o r  as 
P 

S u b s t i t u t i o n  of t h i s   v a l u e   f o r  {B I ,  which is e q u i v a l e n t   t o   t h e   v a l u e  

expressed  by  equat ion ( 4 2 )  , i n t o .   e q u a t i o n  ( 4 8 )  r e s u l t s   i n   t h e  

equat ion  

P 

where 

Equat ion   (51)   represents  3n scalar e q u a t i o n s  of motion   €or   the  

n lumped ma,sses. Only 3n - 6 of them are independent;   however,   since 

only  3n - 6 components of (d } are l inea r ly   i ndependen t   due   t o  t h e  con- 

s t r a i n t   e q u a t i o n  ( 4 0 )  d e f i n i n g  mean axes.  These 3n - 6 independent 
P 
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e q u a t i o n s   f o r   i n t e r n a l   m o t i o n   t o g e t h e r   w i t h   t h e   r i g i d  body or  body 

axes  motion  from  equation ( 4 9 )  make up   the   necessary  3n equa t ions  

of  motion t o  descr ibe   the   dynamics   o f   the  e las t ic  a i r p l a n e .  

The r e s u l t s   r e p r e s e n t e d   i n   e q u a t i o n s  ( 4 9 )  and (51) are very  

d i f f i c u l t  t o  t r ea t  m a t h e m a t i c a l l y   w i t h o u t   f u r t h e r   s i m p l i f i c a t i o n .  

Before  preceding t o  the   va r ious   approx ima te   fo rms   fo r   t hese   equa t ions ,  

it i s  of i n t e re s t  t o  cons ide r  them i n  more d e t a i l .  To demonstrate  

t h e   r o l e s  of t h e   s t a b i l i t y   d e r i v a t i v e s   a s s o c i a t e d   w i t h   r i g i d   v e r s u s  

e l a s t i c   a i r p l a n e s ,  w e  now develop t h e  r i g h t  hand s i d e   o f   e q u a t i o n  

( 4 9 ) .  The per turbed  aerodynamic  force  associated  with  the n lumped 

masses is  g e n e r a l l y  assumed to  be a l i n e a r   f u n c t i o n  of t h e   v e l o c i t y  

a n d   a c c e l e r a t i o n   o f   t h e   a i r c r a f t   c e n t e r   o f  mass and of t h e   e l a s t i c  

d i sp l acemen t   f i e ld   and  i t s  v e l o c i t y   a n d   a c c e l e r a t i o n s   f i e l d s ,  i . e . ,  

f rom  reference 5,  

The matrices [A1], ... [ A  1 are r e f e r r e d  t o  as aerodynamic  influence 

c o e f f i c i e n t s  which   cont r ibu te  t o  t h e   s t a b i l i t y   d e r i v a t i v e s .  Sub- 

s t i t u t i o n   o f  IF 3 from equa t ion   (53 )   i n to   equa t ion  ( 4 9 )  r e s u l t   i n   t h e  

following  aerodynamic  force  and moments due t o  r i g i d  and e las t ic  

body motions 

5 

P 
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The  nature  of  the 

following  example 

elements of these  quantities  is  demonstrated 

L 

in the 

a llxu llxv  llxw  allxp  llxq  llxr a a a a 

a ....................... llyu llyv a 

a llzu... . . .".. . . . . . . . . . . . . . . . . . . . .  
a 12xu a 12XV........................ 

a 12yu ............................. 

"""""""""""""""""- 

a12zu.............................. 
"""""""""""""""""- ................................... 
alnxu......................... 

a lnyu......................... 

a ln2u......................... 

alnxr 

alnzr 

U 

V 

W 

r 

( 5 4 )  
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where  the  first  subscript  denotes an  element of [A1], the 

second  subscript  denotes  the  element of mass,  the  third  subscript 

denotes  the  component of force  and  the  fourth  subscript  denotes  the 

component  of  velocity  it  multiplies.  Equation ( 5 4 1 ,  on multiplication 

I n i= 1 1 alixu 
n 

i= 1 aliyu 

n 

n 1 

............. 
[bl [A1lIVcpl = i=l T 1 alizu 

I n  

[All  IVcpl = 
"T 

- 
fx 
U 

f .  
Yu 

fz 

Mx - 
yu 

MZ 

U 

U 

M .  

i 
U 

" 

................... 

................... 

................... 

................... 

c -  

U 

V 

W 

P 

r 
L -  
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where, €or i n s t a n c e ,  

fx = 1/2PSU1(CX., + 2 CXJ (56) 
U U 

Mx = 1/2pSUlz(C1 + 2 Clo) (57) 
U U 

The q u a n t i t i e s  fx and Mx can   be   in te rpre ted  as t h e   f o r c e   i n   t h e  x 
U U 

d i r e c t i o n   p e r   u n i t   c h a n g e   i n   v e l o c i t y  U, and moment about the x a x i s   p e r  

un i t   change   i n   u ,   r e spec t ive ly .  A l s o ,  as a second  example,  consider 

"T [ @ I  [A311dpl = 

- 
a a a a 311xx  311xy  311x2  312xx" .a 3lnxz 

a311yx a 311yy ............... a31nyz 

a 311zx ...................... a 3lnzz ""_"""""""""""""""" 
a321xx ...................... a 32nxz 

a 32lYZ ............................ 
a321zx ............................ 
""""~"""""""""""""" _"""""""""""""""""" 
a 3nlxx ...................... a 3nnxz 

a 3nlyx ...................... a 3nnyz 

a 
3nlzx 

............. ......... a 3nnzz 

dpl  
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I 

The s u b s c r i p t s   o n   t h e  elements o f  IA3] have the following  meaning: 

t h e  f i rs t  s u b s c r i p t   i n d i c a t e s   a n   e l e m e n t   o f  [A3] ,  the   second  and   th i rd  

i n d i c a t e s  a mass e l e m e n t   p a i r ,   t h e   f o u r t h   i n d i c a t e s   t h e  component  of 

force  and t h e  f i f t h   d e n o t e s   t h e  component  of  displacement.  For  instance, 

a r e p r e s e n t s   t h e  force a c t i n g  on panel  2 i n   t h e  z d i r e c t i o n  due t o  

a un i t   d i sp l acemen t  of pane l  1 i n   t h e  y d i r e c t i o n .  We w i l l  d e f e r   d i s c u s s i o n  
321zy 

of the s t a b i l i t y   d e r i v a t i v e s   c o n t a i n e d   i n   t h e  term [ $ I  [A3]  Cd 1 u n t i l  “T 
P 

w e  have   in t roduced   the   modal   subs t i tu t ion   concept .  

Quasi-Static  Approximation 

The quasi-static approx ima t ion   cons ide r s   on ly   t hose   ae roe la s t i c  

forces   dependent  upon Id I b u t   n o t  upon t h e  t i m e  rate of  change of t h i s  

d i sp l acemen t   f i e ld .  For e x a m p l e ,   t h e   i n e r t i a l   f o r c e s  [‘m,]Id 1 and 

[FIT [A5] r d  I and the  aerodynamic  damping  force [ $  J [A4 J {i I a r e  con- 
P P 

s i d e r e d  t o  be   equal  t o  zero.   This   assumption allows f o r   t h e  e las t ic  

d i s p l a c e m e n t   f i e l d  to  be  e l iminated  f rom  the  analysis   by  solving 

equa t ion  ( 4 6 )  f o r   I d  I as  

P 

P 
“T 

P 

S u b s t i t u t i o n   o f   I d  1 f rom  equat ion (59)  i n t o   e q u a t i o n  (53) r e s u l t s   i n  

{F 1 given as 
P 

P 
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Subs t i t u t ion   fo r   t he   ae rodynamic  force given by equa t ion   (60 )   i n to  

t h e   r i g h t  hand s i d e   o f   t h e   r i g i d  body equa t ions  of motion,   equat ion  (491,  

r e s u l t s   i n   t h e   q u a s i - s t a t i c  form for  t h e   r i g i d  body  motion as 

Comparison of equa t ion  ( 6 1 )  w i t h  equa t ion  ( 4 9 )  shows t h a t  i n  the quas i -  

s ta t ic  approximation, the effect  of e l a s t i c i t y  is t o  modify the mass 

ma t r ix  p m - 1  a n d   t h e   r i g i d  body mode shape  matr ix ,  I$ by  amounts  depending 

upon t h e  elastic p r o p e r t i e s   o f  t h e  a i rcraf t .  

Modal S u b s t i t u t i o n  

- 

The method of modal s u b s t i t u t i o n  is  a means o f   r e d u c i n g   t h e   l a r g e  

numbers o f   equa t ions  of mot ion   a s soc ia t ed   w i th   t he  "exact" formula t ion  of 

equa t ions  ( 4 9 )  and (51) whi le  a t  t h e  same time, uncoupl ing   the   degrees  

of freedom  of  the e las t ic  motion. To t h i s   e n d ,  we i n t r o d u c e   t h e   t r a n s -  

formation 

{dpl = IO(x ,y tz )  1 u ( t )   ( 6 4 )  
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where { 4 (x ,y ,  z) 1 is t h e   f r e e   v i b r a t i o n  mode ma t r ix   o f   cons t an t s   o f  

dimension 3n x l r a n d   u ( t )  i s  t h e   g e n e r a l i z e d  e las t ic  scalar d i s p l a c e -  

ment a s s o c i a t e d   w i t h   t h i s  mode shape. The v a l u e s  of { $ I  are determined 

from the  e igenvalue  problem  associated  with  the  invacuum  motion of t h e  

a i rc raf t ;  t h a t  i s ,  t h e   d e f o r m a t i o n   o f   t h e   a i r c r a f t - v i b r a t i n g   i n   t h e  

absence   o f   ex t e rna l   fo rces .  The values  of  u,   however,  are eva lua ted  

from t h e   f u l l   e q u a t i o n   o f  e las t ic  motion  expressed by equa t ion   (51 ) .  

The e las t ic  d i s p l a c e m e n t   f i e l d  for  invacuum  motion,  neglecting 

s t r u c t u r a l  damping, is governed by the equa t ion  

I n  terms of { + }  and  u ,   equat ion  (65)  f o r  each  mode is w r i t t e n  as 

which   requi res   tha t   be  set  t o  a cons t an t   s ay  - A 2  , t hen  

Assoc ia ted   wi th   equat ion  ( 6 6 )  are 3n-6 d i s t i n c t   e i g e n v a l u e s  A i 

and  cor responding   e igenvec tors   {+i l .  The e l a s t i c  d i s p l a c e m e n t   f i e l d  

i s  assumed t o   b e  a l i nea r   combina t ion   o f   t hese  modes as 

3n-6 
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where  ui is the  amplitude of the  mode  shape {O1l. This is further 

written  as 

Idp) = 143fu3 

where 

I41 = I 

CUI = ru,, U2’. . .u I T  3n-6 

Hence [ $1 has  dimension (3n) x (3n-6)  and  {u) has  dimension (3n-61x1. 

Since  the  mode  shapes  correspond  to free  vibration, it is found 

that  the  eigenvectors  are  orthogonal  as indicated by the  equations 

The  matrices [\iii,] and [’KJ are  the  generalized  mass and stiffness 

matrices, respectively. 
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Substitution fo r  Id  )from equation (68)  into  equation (51) results P 
in  the  expression 

- Pm.1 [TI ({Vcp) + IMll IY 1 + [MZl {rApl) CP 

If both  sides of this  expression  are  multiplied  by [@JT, it follows that 

The  last  term on  the  right-hand  side of equation (72) vanishes  due to 

the  definition  of  the  mean  axis.  This  reduces  the  equation of motion 

for  the  generalized  displacements  to  the form 

where 
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The  term [A3] 143 iuI, occurring in equation (74) is  now  considered 

to  show  the form of some of the  additional stability derivatives due to 

elastic effects. The  force 103 [ A ~ J  [ ~ J I U )  discussed in equation, (58) 

in terms of the  physical  displacements'Id j is  now  written in terms of 

generalized  displacements  as 

"T 

P 

L 

u1 

u2 

- 

.. 

.. 

.. 

U3n-6 - - 

where,  for  example, 

f = 1/2PU1%/, cx , (i=1,2,. . .3n-6) 
XUi u i 

2 
M = 1/2pu1 s cm 
YU ui i 

To  summarize  the  results of this  section,  we  outline the  sequence 

of computations  to  arrive at the  elastic  displacements Id I: P 
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If { + . I  is  the  ith  eigenfunction,  then 
1 

2 )  Compute  the  generalized  mass  and  stiffness  matrices ['iii,] 

and [-K,1 from  the  orthogonality  equations 

[ + I  [ - m , ~  [ + I  =I'Z,I 

[+lT[K1 [ + I  = ['E,] 

T 

3 )  Compute  the  generalized  elastic  displacement  vector  {u) from 

the  equation 
- 

I\m,3 I ; >  + PK.1 Fu) = [+ITIF 1 P 

4 )  Compute  the  physical  elastic  displacement  vector i d  1 from P 
the  equation 

Idp> = [ + I  {ul 

Residual  Flexibility 

In  this  formulation, the  free  vibration  mode  shapes  matrix  and 

amplitudes  are  separated  into  dynamically  retained modes [+,I and dy- 

namically  deleted  modes [ + , J .  This  means  we  take  the  modal  substi- 
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E 

tution  formulation  and  omit  terms or  forces  such as [’m,,]  {u,) , ,[Aq]. 
[4,3 {u,}, and  [A5] [+,I Iu, lr  where [\Z2J the  generalized  mass  matrix 

associated  with  the  deleted  modes.  Here,  we  have  treated  the  deleted 

modes  as  we  did  the  total  displacement  vector  in  the  quasi-static 

formulation. 

- 

We  write  Id I as P 

where 

Further,  let 

Then, we  have  (substituting  the  above  relations  into  equation ( 7 3 ) )  

35 
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Solve   equa t ion   (76 )   fo r  {u,) to g e t  

This   equa t ion  is  s i m p l i f i e d  by no t ing   t he   fo l lowing  

- L*K2.i re2] T I--mil ~ + , I I u , )  =” o 
The l a t t e r  r e s u l t  follows f rom  the  basic   assumption of r e s i d u a l   f l e x i b i l i t y .  

T h i s   r e s u l t s   i n   t h e   a p p r o x i m a t i o n  

where 

S u b s t i t u t i o n   o f  Iu , )   f rom  equa t ion   (78 )   i n to   equa t ion   (79 )   r e su l t s   i n  
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The l a s t  term i n  equa t ion   (80 )   wh ich   exp l i c i t l y  relates t o  t h e   d e l e t e d  

mode shape   can   be   r ewr i t t en   i n  terms of t h e   i d e n t i t y  

where 

T h i s   i d e n t i t y  i s  obta ined   by   equat ing   the   express ion  €or {d 1 from 

equat ion  ( 4 6 )  t o  the   expres s ion   ob ta ined  by  using  equat ion ( 7 6 ) .  
P 

S u b s t i t u t i o n  of equat ion  (81)  i n t o  e q u a t i o n   ( 8 0 )   r e s u l t s   i n  

t he   fo l lowing   expres s ion   fo r  {F I. P 
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This  form  for  the  perturbed  aerodynamic  force  results  in  the  following 

equations of motion  €or  the  residual  flexibility  approximation  to  the 

elastic  airplane: 

Rigid  Body  Motion: 

38 



Elastic Displacement: 

Modal Trunca t ion  

The modal t r u n c a t i o n  form of the equat ions  of   motion is  obta ined  

by r e p r e s e n t i n g  t h e  modal m a t r i x   i n  terms of only r mode shapes where 

r < 3n-6. That  is ,  w e  l e t  {d 1 = [01] Cu,} where 
P 

IU1l = [u,, u 2 r  . .. U r l  
T 

T h i s   r e s u l t s   i n   t h e   f o l l o w i n g   e q u a t i o n s  of motion: 
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Rigid Body Motion: 

Elast ic   Displacement:  

PARAMETER IDENTIFICATION 

The parameter   ex t rac t ion   process  w i l l  be   d i scussed   fo r   t he   s imp le r  

case of  an e las t ic  a i r c r a f t   p e r t u r b e d  from symmetric, , s t e a d y ,   l e v e l ,  non- 

a c c e l e r a t i n g   f l i g h t .   I n   a d d i t i o n ,   t h e   e q u a t i o n s  of motion  used t o  re- 

present   the   a i rc raf t   dynamics  w i l l  be   the  modal   t runcat ion  formulat ion 

where  invacuum modes a r e   r e t a i n e d .   F o r   t h i s  case, the  r i g i d  body  motion 

o r  mean axis   motion  f rom  equat ion ( 8 4 )  i s  g iven   a s  
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1- " 
i 

M A  + Mge = f x  u + f W + fx 6 + fx,; 
P U xW q p  U 

C 

+ fx.; + f x j p  + 1 fx 6 i  
W q i=l 6i 

m 
+ 1 ( f x  ui + fX' Gi + fx.. Ui )  
i=l ui  ui ui 

+ 1 ( f  ui + f Z .  bi+ f U . )  
i=l 'ui U 2" 1 

i ui 

I e = M ~ U  + M ~ W  + M e + M ' u  + MF;W + M ' e  xx P 9 P  U q P  

C m 
+ 1 M6 6i + 1 (Mu ui + M; ui+ Mu ui) 
i=l i i=l i i i 

and t h e   e l a s t i c  motion s a t i s f i e s  

miUi + K.u = f i  U + f .  W + f i  8 + f i . u  
l i  

U l W  q P  U 

C 

m 
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I n   e q u a t i o n s  (86) - (87) the forces and moments due t o  c o n t r o l   s u r f a c e s  

are included.  

The equat ions  (86)  - (87) are i n   d i m e n s i o n a l  form. For   purposes  

o f   e s t ima t ion ,   t hey  are put   in   nondimens iona l   form as fol lows:  

M i  + Mg0 = 1 / 2 p S U 1  [ (Cx + 2 Cxo) u/U1 + Cxa u1 2 '  
P 

w 
U 

-MU + MG = 1/2pSU [ (Cz + 2Cz0) - 2 U 

1 P  1 U u1 

-. 
ce 
2 - cw 

-. 
cu 

-. 
+ czq u1 + cz; 2u1 -2 + cz.  a 1 2u1 + CZ. 

C m 2ui ai 
- 

u . c  
+ 1 c 6i  +,I (CZ - - + cz.  - + CZ" --+I 1 
i=l z6i 1= 1 ui c u i ui 2u1 
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I e = l/2pSCU1 2 [ ( cm + 2 Cm,) u/ul + c xx P 
U ma u1 

C m 
2ui U 

6 i  + 1 ( C  - - + c  - + c,.. I + c  u.  c i 
i=l i= 1 mui c i mhi u1 ui 2u1 

m u + K ~ U ~  = 1/2pu1 sicu 2 
i i  i /ul + cu w’U1 

U 

C m 

+ c cu + I  
j=l i j=l 

6 j  

The s t a b i l i t y  and   con t ro l   pa rame te r s   t ha t   a r e  to be   e s t ima ted   f rom  f l i gh t  

test d a t a  are t h e  components of a v e c t o r  

4 3  



where (k=l, 2 , .  . . c) I (i, j=1 I 2 I .  . .ml . 
The  number of parameters   l i s ted   above  i s  3m2 + m c  + 3c + 15m + 20. With 

t h e   e x c e p t i o n  of t h e  c o n t r o l   d e r i v a t i v e s ,   u n i n d e x e d   q u a n t i t i e s   a r e   t h e  

d e r i v a t i v e s   a s s o c i a t e d   w i t h   r i g i d   a i r p l a n e s   w h i l e   t h e   i n d e x e d   ' q u a n t i t i e s  

are t h e   a d d i t i o n a l   d e r i v a t i v e s   i n t r o d u c e d   t h r o u g h   a e r o e l a s t i c  effects.  

Equat ions   (88) - (89)  are now r e w r i t t e n   i n   m a t r i x   n o t a t i o n  by 

d e f i n i n g  a s ta te  v e c t o r  

and a c o n t r o l   v e c t o r  
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The equat ions   o f  motion then  become 

where F,  B,  and G are matrices of s t a b i l i t y  and   con t ro l   de r iva t ives  

which are g i v e n   i n  Appendix A. I n   t h e  case of r i g i d   a i r p l a n e s ,  a l l  

s t a t e  components are a v a i l a b l e  f o r  d i r e c t  measurement.   Additionally,  

l i nea r  acce lerometers  are used t o  augment the   l inear   speed   and   angular  

v e l o c i t i e s  t o  p rov ide   fo r  more e f f i c i e n t   p a r a m e t e r   e x t r a c t i o n .   I n   t h e  

c a s e   o f   e l a s t i c   a i r c r a f t ,   a d d i t i o n a l   a c c e l e r o m e t e r   p l a c e m e n t  i s  

d e s i r a b l e   s i n c e   t h e   g e n e r a l i z e d   e l a s t i c   d i s p l a c e m e n t s  are n o t  a v a i l a b l e  

f o r   d i r e c t  measurement. The a n a l y t i c a l  form of t h e   a c c e l e r a t i o n  re- 

corded by t h e   i t h   s e n s o r  is  

m - .. 
a = u + z i e   + g e p + l  0 
xi P 

U 
j= l  x i j  j 

m (93) - .. 
a z = ; - x i e  P - u , i , + ~  4 Z 

i j= l  z i j  j 

The form of the   sensor   measurements ,   in   genera l ,  i s  t a k e n   a s  a l i n e a r  

func t ion   o f   t he  s ta te ,  t h a t  i s ,  

where r) i s  assumed t o  be a whi te   no ise   p rocess  of z e r o  mean and co- 

va r i ance  R, and H is e i t h e r   t h e   i d e n t i t y  matrix or  some v a r i a t i o n  on 

it depending  on  whether or n o t  t h e  s ta te  v e c t o r  is  augmented t o  inc lude  

t h e   l i n e a r   a c c e l e r a t i o n s .  

- 
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The  maximum  likelihood  estimate of  the  parameter  vector E is 

given as (ref. (6)) 

N -N e = p" + [I A T (ti)HT;-lH  A(ti)l-'[I H A(ti)  u(ti)] 
i= 1 i= 1 

- 

N 

('9 5 1 

In these  equations, N is  the  number  of  measurements, A is  the  sensitivity 

matrix az/ and v (t)  the  difference  y(t) - z (p" ,t) . The asymptotic 

value  of  the  covariance  of  the  error  in  the  estimate is 
aP - - 

which  is  the  Cramer-Rao  lower  bound on the  covariance of the  estimate 

(reference (7) 1 .  

Several  practical  problems  seem  likely  in  the  implementation of a 

computer  program  to  estimate  the  parameters of elastic  aircraft.  Even 

for  the  simple  case of symmetric,  level  flight  the  number  of  parameters 

is  extensive  and is likely  to  contribute  to  convergence  problems  due 

to  lack of understanding  of  the  physical  significance  of  the  aeroelastic 

derivatives.  In  addition,  considerable  computer  effort  is  required  to 

provide  supporting  information in the  way  of  initial  estimates on the 

parameters as  well as the  flexibility  matrix  and  normal  mode  shapes. 

4 6  



CONCLUDING REMARKS 

This   e f for t   has   p resen . ted  i n  a t u t o r i a l   f a s h i o n   t h e  manner i n  

which t h e  complex phenomena o f   ae roe la s t i c   mo t ion  a l t e r s  t h e   e q u a t i o n s  

of  motion  and s t a b i l i t y   p a r a m e t e r s   e x t r a c t i o n   p r o c e s s e s   o f   c o n v e n t i o n a l  

r i g i d  body a i r c r a f t .  The va r ious   deg rees  of approx ima t ion   i n   t he  

representa t ion   of   the   mot ion   as   p rovided  by t h e   q u a s i - s t a t i c ,  modal 

s u b s t i t u t i o n  and   r e s idua l   f l ex ib i l i t y   have   been   d i scussed   i n  some 

d e t a i l .  The corresponding  physical   parameters   which e n t e r  i n t o   t h e  

a n a l y s i s  by each   o f   t hese   approx ima t ions   a r e   i nd ica t ed   and   i l l u s t r a t ed  

f o r   t h e   c a s e   o f  symmetric, l e v e l ,   u n a c c e l e r a t e d   f l i g h t .  It i s  a n t i -  

c i p a t e d   t h a t   p o t e n t i a l   p r o b l e m   a r e a s   e x i s t  i n  the  implementation of 

a computer  program t o   e x t r a c t   t h e   l a r g e  number of s t a b i l i t y  and   cont ro l  

d e r i v a t i v e s .  

47 
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APPENDIX 

ELEMENTS OF S T A B I L I T Y  AM)  CONTROL  MATRICES 

The  elements of the  matrices F, B, and G are listed below: 

F: Dimension  (4+2m) x (4+2m) 

Fll = M - zpS c Cx. 1 -  
U 

1 -  
F12 = - T S  c cx. 

a 

F13 = 0 

F14 - p c s cx. 
9 

1 -2 

F1,4+i = 0, (i=l,21...m) 

F1, 4+m+i = zpS c Cx.. (i=1,2,. .m) 1 -  

ui 

zps c c 1 F21 = - 
"; 

1 -  F22 = M - z p S  c C z .  
a 

F23 = 0 

p s  c2 1 F24 = - cz 
9 

= 0 , (i=1,2,. . .m) F2' 4+i 

F2,4+m+i = - z p S  c C .. , (i=l, 2,. . .m) 1 -  
zui 

F31 = zp S c2 1 
'm 

U 

F32 = - zps 1 c2 cm - a 

4 8  



F33 = 0 

F34 = Ixx - a p =  s cm. 1 -3 
9 

F3 ,4+i = 0 , (i=1,2,. . .m) 
- zps c2 1 

F3  4+m+i Cm .. I (i=l,  2, . . .m) - -  
ili 

F ~ , ~  = - zps C cU , (i=4,5,.  ..3+m) 1 
i; 

Fir3 = 0 

1 Fit4 = - - PS c cu -2 , (i=4,5,. . .3+m) 
i- 
9 

Fi  4 +.j = o  , (i=4,5, ... 3+m; j=lr2, ... m) 
Fi,4+m+j = m Bij - --PC 2 S Cu  (i=4,5, ... 3+m;  j=l,2 ,... m) 

j 
- (j=1 , 2 , . . .4+2m) 

1 -  
i " 
U 

F4+m, j - 63,r 

F4+m+i, j 64+m+i , j 
- - , (i=1,2,...mt  j=1,2, ... 4+2m) 

B: Dimension (4+2m) x (4+2m) 

B14 = bSU1 c Cx 
9 

- 
" Bl'i+4 2~ 

I 

cx (i=l , 2 ,  . . .m) 
U i 
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1 
B1‘4+m+i  2 1 = - p u s c  I (i=l, 2,. . .m) 

B23 = 0 

B24 = (M + p S  Cz )U1 1 

2 

B2‘4+i 2~ 

9 
- P u p  
” C , (i=l I 2 ’.. .m) 

zU i 

1 
Bi’l  2 1 = “PU s cu I (i=4,5, ... 3+m) 

iU 

1 
Bi’2  2 1 = “pu s cu , (i=4 I 5 ,  . . .3+m) 

ia 

Bi’3 = o  ’ (i=4,5,. . .3+m) 
= “pu s c cu 1 

Bi’4  4 1 I (i=4,5,. . .3+m) 
i 
q 
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2 ou, s 

J 

1 Bi'j+~+m = -pu 2 1 s c, , (i=4,5,...3+mt j=1,2,. ..m) 

B4+m,  j 4j = 6  (j=1,2,. . .4+2m) 

Bit j - 6ij , (i=5+m,. . .4+2m;  j=1,2,. . .4+2m) - 

G: Dimension  (4+2m) x c 

G = "pU S Cz , (j=1,2,. . .c) 1 2  
2j 2 1  

j 

G 3j = - p U S c C m  1 2  2  1 , (j=1,2, . . .c) 
6 j 

1 2  
Gi+3,j = ZP"~ cu , (i=l,2,...m; j = 1,2, ... c) 

i6 
j 

Gi+4,j = 0 , (i=m,m+l, ... 2m;  j=1,2, ... c) 
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